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ABSTRACT: We consider a chirally invariant lattice Higgs-Yukawa model based on the
Neuberger overlap operator Dv) | As a first step towards the eventual determination of
Higgs mass bounds we study the phase diagram of the model analytically in the large N-
limit. We present an expression for the effective potential at tree-level in the regime of small
Yukawa and quartic coupling constants and determine the order of the phase transitions. In
the case of strong Yukawa couplings the model effectively becomes an O(4)-symmetric non-
linear o-model for all values of the quartic coupling constant. This leads to the existence
of a symmetric phase also in the regime of large values of the Yukawa coupling constant.
On finite and small lattices, however, strong finite volume effects prevent the expectation
value of the Higgs field from vanishing thus obscuring the existence of the symmetric phase
at strong Yukawa couplings.
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1. Introduction

Non-perturbative investigations of lattice regularized Higgs-Yukawa models as a limit of
the electroweak sector of the Standard Model have been subject of many investigations
in the early 1990’s, see e.g. the review articles of refs. [-[i]. These lattice studies were
motivated by the interest in a better understanding of the fermion mass generation via
the Higgs mechanism on a non-perturbative level. In addition, the focus has been on the
determination of bounds on the Higgs mass and the Yukawa couplings which translate
directly into bounds on the - at that time not yet discovered - top quark mass. However,
these investigations were blocked, since the influence of unwanted fermion doublers could
not successfully be suppressed. Moreover, the lattice models of these studies suffered from
the lack of chiral symmetry. The latter, however, would be indispensable for a consistent
lattice regularization of chiral gauge theories such as the Standard Model of electroweak
interactions.

Here, we want to extend these earlier investigations in a new direction in order to over-
come the previously encountered drawbacks by following the proposition of Liischer [§] for a
chirally invariant lattice Higgs-Yukawa model based on the Neuberger overlap operator [J].
Within this model an exact lattice chiral symmetry can be established while suppressing
the fermion doublers at the same time. This is possible despite of the Nielsen-Ninomiya
theorem [[[(], since the established lattice chiral symmetry is not the continuum chiral sym-
metry itself, but recovers the latter symmetry only in the continuum limit. We consider
here a Higgs-Yukawa model including only the two heaviest fermions, i.e. the top-bottom
doublet, and the Higgs fields. This simplification is reasonable, since the fermion-Higgs
coupling is proportional to the fermion mass and hence small for the light doublets. We



also neglect any gauge fields within this model, since they can be taken into account via
perturbation theory.

As a first step towards a numerical investigation of this Higgs-Yukawa model we begin
by studying its phase structure. Here we present an analytical investigation of the phase
diagram in the large N-limit following refs. [0, [9). We refer the reader to these references
for earlier works on lattice Higgs-Yukawa models. (See also ref. [1J] for a first account of
our work.) In the present paper we access the phase structure of the model at small and at
large values of the Yukawa coupling constant, putting particular emphasis on the existence
of a symmetric phase also in the strong Yukawa coupling regime. The latter strong coupling
regime of a closely related, chirally invariant Higgs-Yukawa model in two dimensions was
also studied in the recent work [14] and corresponding Monte-Carlo simulations, performed
in that model, support the existence of such phase [1J]. Extensions of our present paper,
in particular addressing the question of lower and upper bounds on the Higgs boson mass,
will be discussed in forthcoming publications.

We remark here that for the latter reasons we are eventually interested in the physical
setting Ny = 1. Although the large Ny analysis is not supposed to match the Ny =1
case well on a quantitative level, we expect the large N; phase diagram to have the same
qualitative structure. Thus, it can provide an useful orientation also for the case of Ny = 1.
The results from the large N analysis performed here have been confronted with numerical
simulations in ref. [Iff] and indeed, a good qualitative agreement has been found at small
values of Ny.

The outline of this paper is as follows: In section f| we briefly describe the Higgs-
Yukawa model considered here. In the following section | we derive an expression for the
effective potential in terms of the amplitudes of the constant and staggered modes of the
Higgs field, which is a reasonable approximation at small values of the Yukawa and quartic
coupling constants. We then present the resulting phase diagram in the large Ny-limit
and determine the order of the occurring phase transitions. The phase structure in the
regime of large values of the Yukawa coupling constant and arbitrary quartic coupling
constants is then accessed by means of a different large Ny-limit presented in section A
We show that a symmetric phase also exists at large Yukawa coupling constants. On small
lattices, however, this symmetric phase is shadowed by finite volume effects preventing the
expectation value of the Higgs field from vanishing. We then end with a short summary
and outlook.

2. The model

Aspiring to investigate the Higgs Sector of the Standard Model of electroweak interactions,
we consider here a four-dimensional, chirally invariant lattice Higgs-Yukawa model con-
taining one four-component, real Higgs field ® and a number of Ny fermion doublets. The
latter are represented by eight-component spinors ¢, @ with i = 1,..., N . However,
these Ny doublets are all degenerated within this model and correspond to the heaviest
fermion doublet only, i.e. to the top-bottom doublet. This is a reasonable simplification due
to the fermion-Higgs coupling being proportional to the fermion mass. We have introduced



the fermion doublet number Ny nonetheless, because it will be possible to access the model
analytically in the limit of large numbers of (degenerated) fermion doublets.

Furthermore, there are also Ny auxiliary fermionic doublets ¥, ¥ present in the
model, which serve as a construction tool for the creation of a chirally invariant Yukawa
interaction term. However, once the chiral invariance is established, these unphysical fields
can be integrated out leading to a more complicated model depending then only on the
Higgs field ® and the Ny physical fermion doublets . The partition function of the
given model can be written as

/ch H [Dw DD Dy pyli >] exp( Sp — Skin _ g ) (2.1)

=1

with the total action being decomposed into the Higgs action Sg, the kinetic fermion action
Slléin, and the Yukawa coupling term Sy. It should be stressed once again that no gauge
fields are included within this model.

The four-dimensional space-time lattice, that the model is discretized upon, is assumed
to have L lattice sites per dimension such that its total volume is V = L. Here we allow
for both, finite size lattices with even L € N as well as lattices with infinite extension, i.e.
L = oo, and we set the lattice spacing a to unity for convenience. The kinetic fermion
action describing the propagation of the physical fermion fields () (® is then given in
the usual manner according to

Ny
SEr =3 "N "D — 20x 0 1y mx ) (2:2)
i=1 n,m

where the four-dimensional coordinates n,m as well as all field variables and coupling
constants are given in dimensionless lattice units throughout this paper. Here, the (doublet)
Dirac operator DY) = Dv) @ D(v) jg given by the Neuberger overlap operator 75(0”), which
is related to the Wilson operator DW) = 'yf%(v,]; + VZ) — %VZV,Ji by

~

ﬁ(av):p{lJr %TA}, A=DW) —p, 1<p<2r (2.3)
AtA

with V,]i, VZ denoting the forward and backward difference quotients, respectively. In
absence of gauge fields the eigenvectors and eigenvalues of the Neuberger operator are
explicitly known. In momentum space with the allowed four-component momenta

(—m,m]®4 s for L =00

€eP=
P {{27Tn/L :n € No,n < L}® : for L < o0

(2.4)

the eigenvectors of the doublet operator D(°?) are given as

WCek — gipn ek () Cek(p) — \/g <<Z§:“((]2)> , (=1, e==41,ke{1,2} (25)



with u*(p) denoting the usual four-component spinor structure

. N €k _ . L[ & _
uk(p)_\/7< \/_§>forp7é0 and uk(p)—\/;<€§k>forp—0, (2.6)

respectively. Here &, € C? are two orthonormal vectors and the four component quater-
nionic vectors ©, © are defined as © = (1, —i7) and © = (1, +47) = O with 7 denoting
the vector of Pauli matrices. It is well known that the eigenvalues v*(p) of DY) with
Im[v®(p)] = 0 form a circle in the complex plane, the radius of which is given by the
parameter p. These eigenvalues are explicitly given by

‘ €in/p? + 2rp? — p

vi(p) = p+p TR @)

~ . N . Db
Pu = sin(p,), P =sin <7“> . (2.7)

The auxiliary fields x(* on the other hand do not propagate at all and their contribution
to S}?n is chosen such that the model will obey an exact lattice chiral symmetry.
The Higgs field couples to the fermions according to the Yukawa coupling term

Sy—yNZZW ) [nmw%wn,m(“r%)&](w +x) (28)

n,m =1

Bn,m

where yn denotes the Yukawa coupling constant and B, ,, will be referred to as Yukawa
coupling matrix. Here the Higgs field ®,, is rewritten as a quaternionic, 2 X 2 matrix
¢p = @01 — i@fﬁj acting on the SU(2) index of the fermionic doublets. Due to the chiral
character of this model, left- and right-handed fermions couple differently to the Higgs
field, as can be seen from the appearance of the projectors (1 ++5)/2 in the Yukawa term.
Multiplying out the involved Gamma- and Pauli-matrices one can rewrite the Yukawa
coupling matrix in the compactified form

A A PO+ D)y Doys + iP5
Bon = 0mn - B(® B(®,) = ! 2.9
m,n m,n ( n)7 ( N) < @721 + ZCI)l 5 @0 1— Z(I)n%_] ( )

being block diagonal in position space. The model then obeys an exact, but lattice modified,
chiral symmetry according to

: . 1 ov 7 % 7 : ov % :
5¢(z) — e |:’75 (1 _ %'D( )) 7/)( ) +75X( ):| , 5X() = 15752_1PD( )1}[)( ), 0 = 2ie¢p (2.10)

7.(2 - 7(2 1 ov —( = 7 ov .
6¢(Z) =€ |:7;Z)() <1 9 D( )> ) X( )75] 5 6)( Z€¢() 1 )’)/5, 5¢T = —QZEQST
(2.11)

with € denoting here the infinitesimal parameter of the chiral transformation. Since the
(here omitted) lattice spacing a appears in front of the Dirac operators, this exact symmetry
recovers the continuum chiral symmetry (after having integrated out the auxiliary fermion
fields) in the continuum limit [§].



Finally, we use a slightly unusual notation for the Higgs action Sg given by
2
Sp = —kn DO [@opit @ + D @y +An Y (Ph@n - Ny) (2.12)
n, W n n

where xkny denotes the hopping parameter and Ay is the quartic coupling constant. This
notation with Ny appearing in the quartic coupling term (which turns out to be more
convenient for the later analytical considerations) can easily be shown to be equivalent to
the more commonly used lattice version of the ¢*-action

2
Sp ==Y b onta+enal+ Y ohon+A) (wLwn - 1) (2.13)
N, n n

by rescaling the coupling constants A, s,y and the Higgs field ¢ according to

A K Y
@:CWSO7 )\N:@’ KZN:§7 y]\f:67 (214)
where the constant C' has to obey the condition
C? —2ANyN;C? =1 — 2. (2.15)

Furthermore, this latter action in eq. (B.13) can also easily be connected to the usual
continuum notation

Sp =2 {% (Vig)! Vhon+ Smdeton+ 20 (@L%f} , (2.16)

which explicitly involves a bare mass mg and the forward difference quotient V{;. This
connection is established by scaling the field and coupling constants according to

~ R 02 R
wnzsp—fl, A=Ct Ny, K=—, y=y-C (2.17)
c 2
where the constant C' has to obey the relation
A 248 A
1=02. <m02+ + moc?) . (2.18)

For the further analytical treatment of this model we integrate out the fermionic de-
grees of freedom leading to an effective Higgs model given by

Z = /D<I> exp (—Ser [P]) (2.19)

with the effective action Seg[®] defined as

Ny
oxp (= Se@]) = / [T [po® D Dy Dy exp (50 — 5"~ 8v) . (2:20)
=1

By applying some adequate substitutions the Grassmann integrations can be performed
allowing to write the effective action Seg[®] in terms of fermionic determinants according
to

Seff[P] = Sa[®] — Ny - log [det <yNBD(m’) — 2pD) — 2pyNB>] . (2.21)



3. Large Ng-limit for small Yukawa coupling parameters

In this section we will derive the phase structure of the introduced Higgs-Yukawa model in
the large Ny-limit for small values of the Yukawa and quartic coupling constants. The idea
is to factorize the number of involved fermion doublets Ny out of the effective action Seg[®],
since the integral over all Higgs field configurations in eq. (R.19) can then be reduced to
the sum over all absolute minima of the effective action when sending Ny to infinity. This
factorization can be achieved by scaling the coupling constants and the Higgs field itself
according to

AN N -
== )\N:Ff7 KN =Fn, Pn=+/Nf &y, (3.1)
where the quantities §n, Ay, #n, and ®,, are kept constant in the limit Ny — oo.

One is thus left with the problem of finding the absolute minima of Seg[®] in terms of
the latter quantities. In general the operators B and D©") do not share a common eigen-
vector basis making the analytical evaluation of the determinant in eq. (R.21) impossible
for general, space-time dependent Higgs fields. However, for sufficiently small values of
the Yukawa and quartic coupling constants the kinetic term of the Higgs action becomes
dominant allowing to restrict the search for the absolute minima of Seg[®] to the ansatz

®, = /Ny <m +s- (—1)§n“> (3.2)

taking only a constant and a staggered mode of the Higgs field into account. Here d e R*
denotes a constant 4-dimensional unit vector (|®| = 1), and we will refer to m, s € IR in
the following as magnetization and staggered magnetization, respectively.

For the actual evaluation of the effective action we use the fact that the matrix B now
has a diagonal-plus-subdiagonal-block-structure in momentum space due to the chosen
ansatz for the Higgs field according to

(ov) _ YN (ov) _ _ YN B2 (&Y . (D) (1) _
[D 2pB<D 2/))] (p1,p2) 2% [m d(p1,p2) - B (®) (D (p2) 2p)

+s-8(p1,p2) - U(pr,p2) - B - <D(O”)(p2) — 2p) ]

+6(p1,p2) - D) (p2) (3.3)

where the diagonal part is caused by the constant mode of the Higgs field, while the sub-
diagonal contribution is created by the staggered mode. In eq. (@) this is expressed by
p2 denoting the shifted momenta o9 = py + (7w, 7, 7, 1), where adequate modulo-operations
are implicit to guarantee that o € P. The matrices U(py,p2), D) (p), and B®) are
8 x 8-matrices with the indices (j€1k1, (2e2ko and denote the spinor basis transformation
matrix

1
U(p1,02)c1e1ks Cocoks = {ucmkl (Pl)] us2e2k2 (), (3.4)



the Dirac matrix

D(Ov) (p)Clqkl,Czsgkg = 661,62 : 5k1,k2 : 5C1,C2 v (p)’ (35)

and the Yukawa coupling matrix

. T oA
B(p)(qb)ﬁélk‘l,@ézb = [ugleml(p)} B(CI)) u<262k2(p) (3'6)

= 6k1,k2 [5617625@,(2 ’ (i)o + 5617762{i<25C1,C2(i)1 + 5(17—@ [z‘i>3 + C2(i)2} }] ’

respectively. Due to this diagonal-subdiagonal-block-structure the determinant in eq. (2:21)
can thus be factorized by merging the four 8 x 8 blocks, which correspond to the momentum
indices (p, p), (p,p), (p, p), and (p, ). Up to some constant terms, which are independent
of ®, we can thus rewrite the effective action as

Set[®] = So[®] — Ny - log [det <D(°”) - g—]; ‘B (D(‘”) - 2p)>} (3.7)

= S¢[®] — Ny - log [ [ det <D(°”)(p) © D) (p) — g—NM(p)ﬂ, (3.8)

peEP
0<pz<m
where the restriction 0 < p3 < 7 has just been introduced to prevent the double counting
that would occur if one would have performed the product over all p € P after having
merged the blocks. Here M(p) denotes these merged, momentum dependent 16 x 16

matrices given by

_ [ MV p) M2 (p)
M) = <M2’1<p> M%)) (39)
with
MU (p) = m - BO (@) - (D) (p) ~ 2p) , (3.10)
M'2(p) = s-U(p, ) - BO(®) - (D)) — 2p) , (3.11)
M (p) = 5 Ulp,p) - BP (@) - (D) (p) - 2p) . (3.12)
(») (3.13)

3.13

The expression in eq. (B.§) can be written more compactly, taking the fact into account

that the matrices involved in that expression are diagonal with respect to the index k& due

to eq. (BF), eq. (B4) and
Ul(p, p)C1€1k17C252k2 = 0¢1,¢2 " Oer,—ez * Oky k- (3.14)

Since one easily finds that the determinant in eq. (B.§) is invariant under the permutation
p < @, one can extend the product in that equation, which is performed only over one half



of the whole momentum space, again to the full momentum space P by factorizing out the
identity O, x,. One then obtains for the effective action

Sr[®] = Sa[®] —~ Ny log | ][ det (ﬁ@v)(p) & D) (p) — I <p>) . (315)

peEP

with the definitions
D(Ov) (p) = 5k1,k2 ‘Z‘j(ov) (p)’ M(p) = 6191,192 ) -/\u/l(p)’ and Mﬂhb(p) = 61917/62 ‘/\“/la,b(p), (3'16)

where a,b € {1,2}. Selecting a special order for the indices (e according to {++,+—,
—+, ——1} the latter four 4 x 4 matrices are explicitly given by

SOt (p) Z"iﬂw’(p) 0 (i9* — &)™ (p)
i idlwt(p) w(p) (19— dHwT(p) 0
Ml 1(p) =m: 0 (1@3 + (132)(4) ( ) (i)Oer(p) _i&)lw* (p)
(i3 + %)t (p) 0 —i®lwt (p) %W (p)
(3.17)
idlwt(p) Pw(p)  (i9® — dHwt(p) 0
v, L Ci)ow+(p) i‘fluf(p) 0 (2@3 - &)2)‘*}7(@)
Mt 2(17) =3 (2@3 + @)2)w+(p) ) p _g(i)ler(p) @?w*(p)
0 (i®° + P*)w (p) Wt (p) —idlw™ (p)
(3.18)

where the abbreviation w®(p) = v¢(p) — 2p was used. The remaining matrices M22(p)
and M2 (p) are obtained from M"(p), M'2(p) by interchanging p and p. Using some
algebraic manipulation package, the determinant of the 8 x 8 matrix in eq. (B.15) can be
computed leading to the final expression for the effective action

7A 2
Seft[®] = —Ny - Zlogk\u )| [t (e ‘+4_;Vz(m2_82),‘y+(p) — 2p]-|v(p) _ZPD
peEP
7 2
+m22—/])2< v (p) = 20 - [T (0)] — [vF(p) — 20| - [ (p)| )2] . (3.19)

With the ansatz in eq. (B.9) the Higgs field action Sg can also be written in terms of the
quantities m and s. One easily finds

Se = Nf-L4- { —8;%]\;(7712 —82) —{—m2—{—52—|—5\N<m4+84—|—6m282—2(m2+s2)>}.
(3.20)
Two remarks are in order here for the orientation of the reader.

(i) The resulting phase structure in the large N¢-limit can now be obtained by minimiz-
ing the effective action with respect to m and s. In principle one could derive the
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Figure 1: Phase diagrams with respect to the Yukawa coupling constant gy and the hopping
parameter 7y for the constant quartic couplings Ay = 0.1 (left) and Ay = 0.3 (right). The black
line indicates the first order phase transitions. Both phase diagrams were determined for L = oo.
An explanation of the occurring phases is given in the text.

corresponding phase diagrams for all values of the quartic coupling constant Ay > 0.
However, as one can easily find from eq. (R.15) the case An > 0.5 corresponds to
the strong self-coupling regime A > 1 of the physically underlying ¢*-theory given in
eq. (R.13) for large values of Ny. In that regime it is no longer reasonable to evaluate
the effective action due to the strong self-interaction of the Higgs-field in that case.
We therefore restrict the allowed range for the quartic coupling to 0 < AN < 0.5,
which corresponds to the weak self-coupling regime of the physical model in eq. (2:13).

(ii) The sum over all allowed momenta P in eq. (B.19) becomes a four-dimensional mo-
mentum integral over P for L = co according to

1 d*
IrD IR /(2;)’4... (3.21)

pEP pEP

which was actually used in the numerical evaluation of the effective action.

We now present the phase diagrams for Ay = 0.1 and Ay = 0.3 in figure [Il. These
phase diagrams were calculated for an infinite lattice, i.e. for L = oo. Here we distinguish
between the following four phases:

(i) The symmetric phase (SYM): m =0, s =0
(ii) The ferromagnetic phase (FM): m #0, s =0
(iii) The anti-ferromagnetic phase (AFM): m =0, s # 0

(iv) The ferrimagnetic phase (FI): m # 0, s # 0



In both cases, i.e. Ay = 0.1 and Ay = 0.3, one finds a symmetric phase approximately
centered around Ky = 0 at sufficiently small values of the Yukawa coupling constant gy, as
one would have expected, since the model becomes the pure ¢*-theory in the limit gy — 0.
From the same consideration one would also expect the accompanying phase transitions
to be of second order. This is indeed the case as can clearly be seen in figure ] showing
the expectation values of the amplitudes m and s for different values of gy as obtained
in the minimization process. With increasing gy the symmetric phase bends downwards
to negative values of the hopping parameter £y, unless it either hits a first order phase
transition to an anti-ferromagnetic phase (black line in figure f), the order of which can
be determined from figure [J (this is the case for Ay = 0.1), or it eventually goes over into
two FM-FI and FI-AFM second order phase transitions, which is the case for Ay = 0.3.

Here we present only the expectation values of m and s for Ax = 0.3 and not for Ay =
0.1, since the latter plots would not provide qualitatively new information to the reader.

Interestingly, the ferrimagnetic phase (FI) exists in both presented scenarios, i.e. for
Ay = 0.1 and Ay = 0.3, even deeply inside the anti-ferromagnetic phase region in the
neighbourhood of the first order phase transition boundary.

4. Large Ng-limit for large Yukawa coupling parameters

In this section we will examine the phase diagram of the considered Higgs-Yukawa model
in the regime of large values of the Yukawa coupling constant yy and for arbitrary values
of the quartic coupling constant Ay > 0. This will be done in three steps. Firstly, the
effective action is expanded in powers of the inverse coupling constant 1/yy. Taking only
the first non-vanishing contribution of this power series into account and performing the
large Ny-limit in such a way, that the amplitude of the Higgs field is fixed, the model then
effectively becomes an O(4)-symmetric, non-linear sigma-model up to some finite volume
terms. Finally, the phase diagram of the latter sigma-model is determined by an additional
large N-limit, where N denotes here the number of Higgs field components.

For an evaluation of the effective action it is crucial to pay special attention to the
fermion doubler modes

Qr = { W<k p, € {01}, p#0, Ce= %1, kb e {1,2}] (4.1)

which we will refer to as m-modes in the following. Given these 120 modes one can define

the corresponding projection operator

Pr= > ol (4.2)

VeQn

projecting to the sub-space V; = span(Q;) spanned by Q. Using this notation one can
easily establish the very helpful relation

det (E (1 — Py) + PyFP;) = det (1 — P;) E(1 — P;) + P,FP;)
= det ((1 — Py) E + Py FP;) = det’ (E) - det” (F) (4.3)

,10,
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Figure 2: Expectation values for the amplitudes of the constant (m: black curve) and staggered
(s: gray curve) modes for several selected values of the Yukawa coupling constant ¢y and a constant
quartic coupling Ay = 0.3. The results were obtained for L = oco.

where E and F are arbitrary operators defined on the same space V as D) and B. Here
the expression det” (F') denotes the determinant of F' with respect to the sub-space V,
and det’ (E) is the determinant of E with respect to the complementary space V/V, =
span(Q/Q,), where Q denotes the full set of all modes. Using eq. (.3) several times one
can rewrite the effective action according to
 Sl®]—Sg
e N = det <yNB (D(Ov) - Qp) - 2pD(°”)) (4.4)
_ (_4p2)120 . det’ (yNB, (,D/(ov) . 2[)]1,) _ QPDI(O’U))

(2120 o ety (ov) AN, /_E 1(ov) (yr(0v) N~
= (—4p°) " -detyn)-det <D 2p]1) det (B yND ( 2p]l) )

= Const - det <B —(B-1)P; — 2—pA>

= Const - det (B)- det (1— (1—B ™) Py)-det <]1—j—pB1A 1—-(1-B™Y) P ‘1>
N

- 11 —
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Figure 3: Expectation values for the amplitudes of the constant (m: black curve) and staggered
(s: gray curve) modes for several selected values of the Yukawa coupling constant ¢ and a constant
quartic coupling Ay = 0.3. The results were obtained for L = oco.

where D'°”)| B, and 1’ denote the restriction of the operators D). B, and 1 to the sub-
space V/V,. This restriction is introduced, since it guarantees D’ (ov) _ 2p1’ to be invertible.
The operator A is then defined by extending the domain of the inverse of D’ (ov) _ 2p1’
again to the full space V by inserting the projector 1 — P, according to

A=D') . |pl) o 11']_1 (1-P,
P ( ) (4.5)

which is well-defined and finite over the whole space V. The last determinant in eq. ([4)
can further be reduced by using the result

[(1—(1-B )P =1-Pi+ P (1- P+ PB'P) ' P,

—(1=Py)B P (1— P+ P.B'P,) "' P, (46)
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and by applying again relation ([£.J) leading to the compact notation for the effective action

2
Set[®] = Se — Ny -logdet (B) — Ny -logdet* (B™1) — Ny - log det* <]1 - —pF[<1>]>
YN

— Ny -logdet (]l - y—A B~ ) (4.7)

with the abbreviation F'[®] defined as the somewhat lengthy expression

9 -t -

” (4.8)

However, the latter determinants det™ only give rise to some finite volume effects, since
these determinants are only performed over the 120-dimensional sub-space V. Their con-
tributions to the effective action do therefore not scale proportional to L* as the lattice size
increases in contrast to all other appearing terms. We will come back to discussing these
finite volume effects later. Here, we will first continue with the evaluation of the last term
in eq. (.7) by rewriting the corresponding trace as a power series in the inverse coupling
constant 1/yy according to

Trlog (]1—y2—£A-B‘1> = —Tr Z (—) [(AB~1]" (4.9)

and by eventually cutting off this power series after the first non-vanishing term, which is
well-justified for sufficiently large yn. For our purpose of establishing the desired connection
to a sigma-model it is most convenient to evaluate these expressions in position space. Here
the matrix B~! is block diagonal and explicitly given by

-1 _ pt T_l -1 _ B (% 2
B =B'-(BB , Bm,n_ém,n-B(¢n/|<1>n| ), (4.10)

where the notation (%) = & (®%)! = —®?, was used and B was defined in eq. (2:9). In
position space the matrix AB~! can hence be written as

ez‘pm u(ek(p)ae (p)efipnz [ugek(p)] T

ABTY, =220 Gr T2 B(®},/|®n, ?) (4.11)
7 PpEP (ek |PP-eet]
1 ip(n1—n € * Te'k! t
= 2120 Y At @) Tk p) (BO@;, 10nD)  [u ()]
pefp CICS,]Z, <€ 7< €

with B®) as defined in eq. (B:§). The scalars a(p) denote the eigenvalues of the anti-
hermitian operator A corresponding to its eigenvectors W% and are explicitly given by

v (p) . € 9
ZIR > aE(p) — Ve(p)—Qp . p € P? v (p) 7é p (412)
0 :peP,vi(p) =2p
The result for the trace of the operator AB~! is then directly found to be
1 .
rABTY = ST T (100 2AR) BY(@;)] (4.13)

n peP
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which can be generalized to the trace of the r-th power of AB~! yielding

T etpi(ni—mniy1)

Tr [AB™']" = Z Trexs HT|¢”i+l|_2A(pi) <B(pi)((1):‘”+l)> U(pz,pz+1)]
(4.14)

where p,, 11 is identified with p;, and x,,11 with x1, and the expression A(p) stands for the

diagonal matrix

A(p)C1€1k17C2€2k‘2 = 6(1,(2 ) 561,62 ) 5k1,k2 St (p) (4-15)

At this point we refer the interested reader to appendix [i] for the details of this calculation
in order to sustain the readability of this text.

However, it turns out that the evaluation of eq. (.14) becomes much easier, if one
inserts the identity U(p;,0)U(0,p;) at some proper places. The remaining 8 x 8 trace can
then be simplified to

T

= Trgus [H AO) ;) (B<°><¢>:LM>)] ,

i=1

Trgxs [H A(pi) (B(pi)(szm)) U(pi, pit1)

i=1

(4.16)

where the representation B(O)(q);) of the Yukawa coupling matrix can directly be taken

from eq. (B:g) and A© (p) is given by

AO(p) = U(0,p)A(P)U (p,0)
+ ~ - 2= ~ . =
_ o) (mo 0O B =P (4.17)
Vpr \ PO —Do PO —po
where the relation at(p) = —a~ (p) has implicitly been used. Due to the insertion of the

spinor basis transformation matrices U(p;,0) and U(0,p;) the sums over the momenta in
eq. ([.14) factorize now according to

r etPi(ni—nit1)

[T X =A% | 120l (B<°><<b:;+l>)]

i=1 \p;eEP

Tr [.AB_l]r = Z Trgxs

ni,...,Nr

T"i’"z’+1

(4.18)

where each momentum sum is a four-dimensional Fourier transform of an anti-symmetric
and purely imaginary summand, hence yielding real values. With the definition

ipAn ]5“
7 at(p) - ? (4.19)

e

R > Ty(An) = T, (-An) =)

peEP
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the hermitian matrix 7, ,,, appearing in eq. ({.1§) can compactly be written as

). Lo + i®L 'O —i®, Lo — PO (id3 — 2O (—i®3, + ®7,)To
I 1 @?nr@ - z@},&o —z?}nr@ - @0y (193, — %)EQ ('—z<I>;°’n + @31);9
7 @2 | (193, + ®2)TO —(i®3, + ®2)[g ®V Ty —i®LTO idlTy— d2TO
(i®3 + ®2)g —(i®3, + ®2)T'O T —idl Iy idl 'O — &0 Iy
(4.20)
with the abbreviations I', = I';,(An) and An = n—m. Therefore, the first order summand
of the power series in eq. ([L.9) reading

Tr [AB™'] =) Trsxs[Tonl =0 (4.21)

is identical to zero and the first non-vanishing contribution is the second order term, which
can be evaluated by explicitly computing the 8 x 8 trace, yielding

Tr [.ABil]Q = Z TTSXS [%1,”2%2,711]

ni,n2

= _ PP, '(An)? 4.22
=-8- > 5 5 - [D(An)[”. (4.22)
|<1)n1| '|(I)n2|

Cutting off the power series in eq. (f.9) after this first non-vanishing term, which is well
justified for sufficiently large values of the Yukawa coupling constant, the effective action
can be written as

T
Senl®] = So — N - (Zlog<|<1>n|8>+ o) §~ |r<An>|2M> (4.23)

y]2V ‘CI)M‘Q : ‘CI)MP

ni,n2

—Ny - logdet* (B™!) — Ny - log det* <]l + Q—pF[®]>
YN
where the matrix F[®] has been defined in eq. ([L.§).

Some remarks concerning the remaining determinants in the latter result are in order
here for the orientation of the reader. Here det™ denotes the determinant over the sub-space
Vi, which has the dimension 120. In contrast to all other terms appearing in the effective
action these determinants are not proportional to L*. They are therefore suppressed as
the lattice size L goes to infinity. Moreover, the very last term in eq. ({.23) even vanishes
on finite lattices when the Yukawa coupling constant yy becomes large. This is in contrast
to the determinant det*(B~!) being independent of yx. However, it is nevertheless quite
instructive to consider these finite volume effects in more detail. This can at least be done
for the first determinant det*(B~1), which can be exactly evaluated for the ansatz given
in eq. (B.9) taking only a constant and a staggered mode of the Higgs field into account.
In that case the inverse of B can also be described in terms of a constant and a staggered
mode according to

(I)n/’q)n‘Q :&)NJ:

rolm
VR
=N
+
e
|
=
=
3
<
N————
=N
Il
3
<
3
e
Il
w
Py
=~
[\
=
N~—
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which allows to determine the desired determinant in a similar manner as described in
section [ yielding

log det* (B™') = —601log (Ny) + 8log || + 56 log | M — 37| . (4.25)

The obvious asymmetry in m and s is caused by the fact that the 8 zero modes Wo-¢<*
are not included in the sub-space V.. The effect of the latter terms and especially the
asymmetry in m and s is clearly observed in corresponding Monte-Carlo simulations [[[§]
on small lattices and large values of the Yukawa coupling constant y5. Moreover, the result
in eq. (1.25) would also hinder the expectation value of the Higgs field from vanishing,
thus obscuring the potential existence of symmetric phases at large yn on small lattices.
However, as the lattice size increases these finite volume effects eventually disappear. In
the following we will therefore neglect the det* terms in the effective action ([.23), which
is well justified on sufficiently large lattices.

To establish the announced connection to a sigma-model we now consider the large
Ny-limit where the coupling constants scale according to
_ AN < RN -
YN = UN, Yy =const, Ay = —, Ay =const, Ky = —, Ky = const, (4.26)

Ny Ny
and for the Higgs field we consider an ansatz in which the amplitude of the local vectors
®,, is fixed to ¢ € IR according to

®, = /Ny -0y, lon| =1 (4.27)

where the four-component, space-time position dependent unit vectors o,, are arbitrary. In
this setting the contributions to the (reduced) effective action are either of order O(Ny)
or O(1). Considering only the leading order terms, for which the fermion doublet number
Ny can be completely factorized out, then allows to fix the Higgs field amplitude ¢ by the
determination equation

1 ~
0:—4-?+1+2AN-(¢2—1). (4.28)

With this fixation of the Higgs field amplitude the model in eq. (.2J) becomes effectively
a non-local, four-dimensional, non-linear sigma-model in the large N;-limit given by

Seff = — Z /{ff,m . Uillam (4.29)

ni,n2

with the effective, non-local coupling matrix

16[)2 +4
’fenff,nz 22 ID(AR)[? + fin - ? - Z OAn,é,- (4.30)
Yn® i1

Here the notation ”non-local” simply refers to the fact, that the field o,, at any lattice site
n couples itself to any other site of the lattice. This leaves nevertheless open the possibility

that the interaction is local in a field theoretical sense with exponentially decaying coupling
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strength [[[7]. We did, however, not investigate the question in this paper, since eventually
we are mostly interested in the small Yukawa coupling region.

Basically, the outcome in eq. (.3() reproduces the result which was found for a Higgs-
Yukawa model based on Wilson fermions [IJ with the only difference that the coupling
matrix in that case consisted only of nearest-neighbour couplings.

The phase diagram of the obtained sigma-model ({.29) can be determined analytically
by an additional large N-limit with N denoting here the number of components of the
vectors o,,. The first step towards this evaluation is to remove the restriction |o,| = 1
by introducing an auxiliary one-component, real field A,. This can be done at least in
two ways. One can either encode the restriction |o,| = 1 as a d-function [I§] written in
terms of an integration of exp(i\,(|o,|?> — 1)) over \,, or alternatively, one can address
this restriction by introducing the field variables ), as Lagrange-multipliers [[[9]. Here we
follow the latter approach which leads us to the extended action

N N
1 T 4 . 9
SRR DOD IR INEREIND DV 0 012 ) ST
N ni,n2 i=1 n =1

the minima of which can now be searched for without having to consider any restriction
on the Higgs field amplitude. Here, an additional parameter ¢y was introduced. For
ty = 1 the given action corresponds to the prior form of the action. This new parameter
is inserted, since it will allow to factorize a factor N out of the action as required by the
large N approach. This can be achieved by scaling ¢ according to

=N st (4.32)

= —, = const, .
N N N

where we choose the setting £y = 4, since this recovers our actual effective sigma-model at
N =4.

The remaining problem to solve is to find the minimum of the action S[o, A]. However,
it is well known from investigations of pure sigma-models that the phase transitions of
such models cannot be correctly determined by evaluating the effective action S[o, A] in
eq. (:31) directly by restricting the consideration to only some selected modes of the fields
o and \. (Doing so would yield a first order phase transition at £y = 0.) This is in contrast
to the situation we discussed in section f|. Instead, we first integrate out all modes of all N
components of the field o except for the constant and staggered modes. This can be done
by taking only the constant mode of the auziliary field A\, into account, i.e. A,, = A = const.
Doing so reduces the action S[o, A] to

Sim’, s, \] = —In [det' (—neff + )\)] Ry i{ f: [m]®- <o ‘—neﬂ“ + )\‘ o>

i=1
D s @
1=1

depending only on the real scalar A and the amplitudes m?, s’ of the constant and staggered
modes, respectively. Here the notations |0) and |r) were used, denoting the constant and
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staggered modes (normalized by a factor 1/v/ L*) according to

k) = \/g etk (4.34)

being eigenvectors of k°f and det’ is the determinant neglecting the two latter modes. For
convenience, the introduced short-hand notation 0 = (0,0,0,0) and 7 = (7, 7,7, 7) will
also be applied in the following where it is unambiguous.

One remark is in order here for the orientation of the reader. The performed Gauss-
integrations are only well-defined, if the involved eigenvalues of the operator —x* + X are
positive, which is not guaranteed at this point. However, this step will be justified (and
made more precise) a posteriori when a certain value for the scalar A will be assumed by
solving the resulting gap equations. Here we will first continue with this formal expression
and postpone its further discussion to the end of this section.

To evaluate this latter determinant, the eigenvalues of the matrix £ need to be known.
The eigenvectors are simply plane waves with wave vectors k € P and one easily finds the
corresponding eigenvalues according to

4 2

. 16
Z /f‘fffm cettr2 — [ 2Ry P Z cos(ky) + L

1607 gy | et (s

where g(k) denotes the eigenvalues of the matrix |T'(An)|? given by

1 P-p
R>qk) =35> at(p)-a(p) ——=——, p=k-p. (4.36)
L peP p 2 @2

For the numerical evaluation of this quantity it is useful to use some symmetries of q(k).
One has q(k) = q(K') at least, if &” is a permutation of the components of k, or if k;, = +k,
for all p.

Now we can search for the absolute minima of the effective action in eq. (f.33). For
this purpose we relate the amplitudes m’, s* to the values of the overall magnetization m
and staggered magnetization s, respectively, according to

. 4 ) 4
m' = L— m and s'= L— S. 4.37
N N

With this notation one directly obtains from the effective action in eq. (.33) the following
expression in terms of the quantities m, s and A

N N 16p?
S[m,s,\] = =Tr" In {—/ﬁeﬂr + )\] + — - -m?-L*. (—SRNQDQ - ~2—p2q(0) + )\>
2 tn Yn®
N 16p? N
tn Ynp tn
where the summation over the coupling matrix components has been performed by using
eq. (#.34) with the settings £ = (0,0,0,0) = 0 and k = (w, 7, m,m) = 7, respectively.
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Figure 4: Phase diagrams for L = oo with respect to the Yukawa coupling constant gy and the
hopping parameter & for several selected values of the quartic coupling constant An. The presented
phase structure was determined for e = 10~!, while the black lines show the phase transition lines
obtained for e = 1073, An explanation of the e-dependence of the presented results is given in the

text.

Analogously to det’, Tr" denotes the trace neglecting the modes |0) and |r). We can now
derive the corresponding gap equations by differentiating with respect to m, s, and A

leading to

m? 4 s> =1-—

160>
0=m- [,\— (8%N<p2+ o
Yn¥
16p*
0=s- [,\— (—&%WM .
Yn®p
- 4
ty 1 -
ZNﬁ —RNp? Zcos(ku) -
keP p=1
O0#k#T

~19 —

)|
am)|.

QNSO 2

8p? A
= 54k) + 5

(4.39)

(4.40)

(4.41)



Equation (4.39) implies that m or the given argument within the square brackets has
to vanish. An analogous observation can be drawn from eq. ([.4(). For the investigation
of the phase structure we now consider two different scenarios for the amplitudes m and
s, namely a ferromagnetic phase (m # 0, s = 0) and an anti-ferromagnetic phase (m = 0,
s #0). For each of these cases we can then derive a self-consistency relation:

1. For a ferromagnetic phase (FM) (m # 0, s = 0) one obtains from ({.39)

2

L q(0) (4.42)

A=8kne® + =
Yn®p

and hence the following self-consistency relation

-1

- 4 2
iy 1 N 8p
0<m?=1- 2 Ia E N g (1 —cos(ky,)) + = 5 (q(0) — q(k))
ot p=1 Une
OF#k#m

W (k)
(4.43)

2. For an anti-ferromagnetic phase (AFM) (m = 0, s # 0) one obtains from (}£.40)

3 16
A= —8fing? + oo - q (r) (4.44)
Yn®
and hence the self-consistency relation
~ 4 9 -1
2 ty 1 s 2 8p
0<s®=1-=F0gp > | —Fng® D (L+cos(ku)) + —— (a(m) —q(k))
R o
0 ™

(4.45)

Three further remarks shall be given here.

(i) The equations (f£4]) and (f4J) are denoted as self-consistency relations because
the assumption of a (anti-)ferromagnetic phase becomes inconsistent, if the resulting

2 respectively) becomes non-positive. If both assumptions become

value for m? (or s
inconsistent simultaneously, this corresponds to a symmetric phase (SYM) with m =

s = 0, while the case m? > 0 and s > 0 is denoted as a ferrimagnetic phase (FI).

(ii) For the ferromagnetic phase the choice of A according to eq. ([.49) justifies the integra-
tion performed in eq. ([.33) a posteriori, because it sufficiently shifts the eigenvalues
2W,,(k) of the matrix —x*T + X to make all of them positive, except for the constant
mode (k = 0) which was excluded from the Gauss-integration.

(iii) For the anti-ferromagnetic phase, in contrast, choosing A\ according to eq. (4.44)
does not guarantee all eigenvalues 2W; (k) of —x*f + X to be positive. The Gauss-
integration in eq. (£.39) can therefore only be performed for all those modes 0 # k # 7
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Figure 5: Expectation values for the amplitudes of the constant (m: black curve) and staggered (s:
gray curve) modes for several selected values of the Yukawa coupling constant gy and the quartic
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coupling parameters Ay = 0.0 and An = 0.1. The results were obtained for L = cc.

which fulfill Ws(k) > € with an arbitrary lower bound € > 0. The details of this
statement are presented in appendix [J. The results of this more careful consideration
are already presented in eq. (.43) and eq. (.45). The only difference to the naive
result is that the set over which the sum has to be performed is reduced from P to

Ps(e) with the definitions

where the introduction of the set P,,(¢€) is actually unnecessary due to the previous

Pun(€) = {k EP : Wlk) > e} and Ps(e) = {k e P Wik) 2 6}7 (4.46)

remark (ii).

The corresponding phase structure can now be obtained by numerically evaluating
equations (f.43) and (f.43).
resulting phase diagrams with respect to the parameters &y and g are shown in figure [
All presented results were obtained for an infinite lattice, i.e. L = oo. For gy — oo the
effective coupling matrix in eq. (f.30)) converges to the coupling structure of a pure nearest-
neighbour sigma-model. One therefore expects a symmetric phase centered around Ky = 0
at large values of the Yukawa coupling constant g5 as can be observed in the plots. For
decreasing 4y the symmetric phase bends towards negative values of Kx. In the plots the
results for the phase transition lines obtained for ¢ = 107! and ¢ = 1073 are compared
to each other. While the phase transition line to the ferromagnetic phase is unaffected by
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Figure 6: Expectation values for the amplitudes of the constant (m: black curve) and staggered (s:
gray curve) modes for several selected values of the Yukawa coupling constant gy and the quartic
coupling parameters Ay = 1.0 and Ay = 10.0. The results were obtained for L = oco.

sending € to zero as expected, the curves start to differ for the anti-ferromagnetic phase
transition at small values of gj. The discrepancy between these two lines can serve as an
indicator down to which value of §n the neglection of the modes with Ws(k) < € can be
considered as a good approximation (besides the uncertainties arising from cutting off the
power series in eq. ([.9) at small values of §). We add here, that we chose the presented
parameter range in all phase diagrams such that the volume of the space of the considered
modes is at least 95% of the volume of the whole mode space, i.e. Vol(Ps(e)) > 0.95-Vol(P).
For gy — oo the volume of the neglected modes vanishes and the problem encountered
during the Gauss-integration in eq. (f.33) eventually disappears.

The order of the phase transitions can again be determined by calculating the ex-
pectation values of the amplitudes of the constant and staggered modes m and s directly

from equations (f.43) and ({.49). The corresponding results are presented in figure f| and

figure f|. One clearly sees that the occurring phase transitions are of second order as one
would also expect from the limit gy — oo where the model becomes a sigma-model.

5. Summary and conclusions

In this paper we have studied analytically the phase structure of a chirally invariant lattice
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Higgs-Yukawa model, originally proposed by Liischer. This was possible in the large Ng-
limit for small as well as for large values of the Yukawa coupling constant and it could
be shown that the model possesses a rich phase structure. Here we remark again that
although we are eventually interested in the physical setting Ny = 1 we expect the large
Ny phase diagram to be the same on a qualitative level. Thus, the large Ny limit can
provide valuable information for future calculations also for Ny = 1.

In section [J we began by considering the model at small values of the Yukawa and
quartic coupling constant and argued that taking only the constant (m) and staggered (s)
modes of the Higgs field into account is sufficient for the determination of the phases in
that regime of the Yukawa and quartic coupling constant. We then presented an explicit
expression for the effective potential at tree-level in terms of m and s and showed the
corresponding phase diagrams for some selected values of the quartic coupling constant. In
these diagrams all possible phases, i.e. symmetric (m = 0, s = 0), ferromagnetic (m # 0,
s = 0), anti-ferromagnetic (m = 0, s # 0), and ferrimagnetic phases (m # 0, s # 0), could
be observed. Furthermore, we concluded from our result for the effective potential that the
occurring phase transitions from the symmetric to the ferromagnetic and anti-ferromagnetic

phases are of second order.

In the following section ] we proceeded to the regime of large values of the Yukawa
coupling constant yn. We showed that for sufficiently large values of yy and arbitrary
values of the quartic coupling constant Ay the model becomes an O(4)-symmetric, non-
linear sigma-model in the large Ny-limit up to some finite-volume terms. In particular,
this relation to a sigma-model has the consequence that a symmetric phase also exists at
large values of the Yukawa coupling constant. We determined the phase structure of the
latter sigma-model by an additional large N-limit with N denoting the number of Higgs
field components here. The corresponding phase diagrams revealed again a rich structure
consisting of symmetric, ferromagnetic, and anti-ferromagnetic phases separated by second
order phase transitions. The symmetric phase, however, was shown to emerge only in
the infinite volume limit. For small lattices, finite volume effects cause an asymmetry
in m and s which one would not expect in a pure sigma-model. These finite volume
effects may easily give rise to a misleading interpretation that a symmetric phase at strong
values of the Yukawa coupling constant does not exist. However, on sufficiently large
lattices the symmetric phase should become clearly observable and the asymmetry should
disappear.

The validity of our analytical results and in particular the latter predictions about
the symmetric phase at large yx have been confronted in ref. [[[f] with the results of
corresponding Monte-Carlo simulations including the chiral invariant fermions in a fully
dynamical manner.

A. Details of calculation I

In this appendix we would like to make up for the neglected derivation of eq. (4.14).
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Starting from eq. (f.11]) one finds
PABT] = S T ([ABTY, L, [ABTY, L) (A1)

ni,...,n
etp1 (n1—n2) el’pr(nr*m)

-y 3 y o

N1,...,My G117k, Crerkr py,...,prE€P
¢l kY e sCrer kT

a N T
XT s 461 ()0 o) B (@5, /1, ) )
Grerkr, i€l k]
U(pl’m)éie’lk’lyizwkz
A I N T
xa® (o) (BT (@7, /@0, ?)) e ()] e (o ()
Caeaka,Cheqk)

~ * ! .11/ T
X <B(pr)(qbn1/"bn1‘2))9&]6“4;6“6; [Ugrgrkr(pr)] ]

etPi(ni—nit1)

= Z Z Trsxs [HT’®ni+l‘2A(p’i) <B(pi)(‘b;¢+1)) U(Pz‘,pz‘+1)]7

N1y Mr P1,y...,pr€P =1

where the definition of the spinor basis transformation matrix U(p1, p2) given in eq. (B.4)
was used.

B. Detalils of calculation I1

In this appendix we want to deal with the possibly non-positive eigenvalues of the operator
— kT4 X, which would not allow the option of performing the Gauss-integration in eq. E33)
over all modes, in a more precise manner. We therefore restart our calculation beginning in
eq. (1.31)). Now we perform the Gauss-integration solely over those modes k € P, 0 £ k # 7
which have their corresponding eigenvalue of the operator —x®f 4+ not smaller than 2e > 0.
We denote the subset of these modes as P(e, A). According to eq. (4.33) it is given as

! 8p? A
_ e R _ . z
P(e,\) = {k: EP : —kny ;1 cos (k) 2 q(k) + 5 > e}. (B.1)

Performing the Gauss-integration only over these modes the action reduces to

N
o 4 —N/2 1 4
Simt, s', A 0l] = —In [det” (—neff + )\)] =S i) <o ‘—meff + )\‘ o> — L'\
2
N . N L
Y[ (r | R A DD ST (o] (ke A k>} (B.2)
=1 i=1 keP(e,N)
0#k#m )
N N 16
= Ty In [—meﬁ + A} b m? LA <—8RN¢2 — 2 q(0)+ )\>
2 tN , Yn®
N i 16 N
+—-s2. L. <+8/<;N<p2 - = p2q(7r) + A) — —L*\
tn Uny tN
4
N 5 16p?
S = o Lt | 2fng? 3 cos(hu) — —rzalk) + A |, (B3)
keP(en) N =1 Ynep
0#£k#T
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where o0& denote the amplitudes of the excluded modes with k € P(e,)), 0 # k # 7 and
P(e, ) = P/P(e, \) is the complement of P(e, \). Here the notation

) 4
o, =1/ ~ ok (B.4)

was introduced correspondingly to eq. (.37) and the plane wave modes |k) were explicitly
given in eq. (£:34). The determinant det” and the trace Tr”, respectively, are now only
performed over the modes k € P(e, A), 0 # k # 7, as desired. The resulting gap equations
can now be obtained by differentiating the effective action with respect to m, s, A and all
0. This leads again to eq. (.39) and eq. (£.40). Only the third one, eq. (f.41]), is modified
yielding now

-1
2., .2 2 iy 1 e 8p? A
m+s + Z o = 1_Zﬁ Z —ENg Zcos(ku)— Wq(k)—i—— . (B.5)
kEP(eN) kEP(e,A) p=1

2
O#k#m O0#k#T

Furthermore, one obtains one additional gap equation for every mode k € P(e, \), 0 # k #

7 according to

16p? _
0=op- |A= [ +28ne* S cos(k,) + gQ—izq(k) Vk € P(e,\), 0 £k #m. (B.6)

p=1 N

Again we consider the scenario of a purely ferromagnetic phase and the scenario of a
purely anti-ferromagnetic phase for the investigation of the phase structure. The only
particularity here is that we assume all oy, to be zero in both cases. (In principle, with this
approach one could also study the phase structure of some of the amplitudes oy, but this is
beyond our interest here.) We thus arrive directly at the prior equations (.49) and ({.44),
respectively, fixing the value of A as before. With this fixation of A the subset P(e, A)
now becomes P, (¢) for the ferromagnetic phase as already defined in eq. (.44). For the
anti-ferromagnetic phase it becomes Ps(€). We have now arrived at the final results for the
self-consistency equations that were already presented in eq. (f.43) and eq. (£.43).

In order to get a rough estimate about the validity of neglecting the modes k € P(e, \)
one should check the volume of this subset and compare it to the volume of the full set P
as we did in our discussion in the main text.
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